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The Cutoff Wavelength of the TE. Mode in Ridged
Rectangular Waveguide of Any Aspect Ratio

J. R. PYLE

Abstract—Design curves for ridged rectangular waveguides of the
usual aspect ratio of 0.45 were published by Hopfer following earlier
work carried out by Cohn and Marcuvitz.

This paper has been written to extend the design data fo ridged
rectangular waveguides of any aspect ratio. An analysis of the error
introduced by proximity effects has shown these to be of the order
of a few percent.

I. INTRODUCTION

UBLISHED design information on ridged rec-
Ptangular waveguides may be found in the Wave-

guide Handbook [1] and in papers by Cohn [2]
and Hopfer [3]. Hopfer gives design curves for the cut-
off wavelength A, of the TE;, mode in single and double-
ridged rectangular waveguide of the usual aspect ratio
of 0.45. For other aspect ratios he provides correction
curves, which, he states, are essentially a first-order
correction on the value of the cutoff wavelength at the
aspect ratio of 0.435.

The purpose of this paper is:

1) to repeat Hopfer's work for the single and double
ridge in rectangular waveguide of an aspect ratio
of 0.45, and to present the design data in tabulated
form to permit accurate interpolation between
computed values;

2) to extend the design data to cover aspect ratios
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other than 0.45 while maintaining the same ac-
curacy as for the above case, and to present this
information graphically as a correction to be ap-
plied to the values for an aspect ratio of 0.45; and
3) to investigate the errors which are introduced by
such proximity effects as narrow ridges and well-
formed ridges near the side wall of the waveguide.

I1. Curorr CONDITION OF THE TE;; MODE
IN RECTANGULAR WAVEGUIDE

Consider the rectangular waveguide shown in Fig. 1
where ¢ and b are the transverse dimensions and b/a is
the aspect ratio. The transmission of the TE;, wave
within the metal walls may be represented by two con-
verging TEM waves of free space wavelength A, and
angle 20 between wave fronts. From the geometry of the
system it follows that

cos f = ﬁ . (1)
2a

The TE,, wave is cut off when 8 is zero and when the
TEM wave is traveling normally to the axis of the wave-
guide. This condition occurs at the cutoff wavelength

A. given by
Ao = 2a. (2)

The cutoff wavelength could have been obtained in
another way, by considering the rectangular waveguide
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in Fig. 2 under the cutoff conditions of the TE;, mode.
Since the TEM wave travels across the cross section,
the latter may be represented by the equivalent circuit
shown, where Z is the characteristic impedance of the
parallel plate line of height b, and ¢ is the electrical
length corresponding to @/2. The parallel plate line is
terminated in a short circuit representing the wave-
guide wall.

The input voltage and current of the equivalent cir-
cuit may be represented by the matrix equation

Vin cos ¢ 77 sing¢ | [0

={jsl . 3
jsing cose | |1 ()

IIN

The input impedance Z1x is

[@] = Z tan ¢
I '

At cutoff conditions Zy is infinite, a condition which
is satisfied by

™
)
and since
Ta
TN
by
Ae = 2a
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The second method used to obtain A, for the rec-
tangular waveguide will be used in the case of a rec-
tangular waveguide with a single or double rectangular
ridge.

111. Curorr CoNDITION OF THE TE., MODE IN RIDGED
RECTANGULAR WAVEGUIDE

Consider first the rectangular waveguide with a single
rectangular ridge of width s and height (b-d) as shown
in Fig. 3. At the cutoff condition of the TE;, wave we
may represent the cross section by the equivalent cir-
cuit shown where:

1) C is a discontinuity capacity dependent on the
height of the ridge and represents the effect of
modes of higher order than the fundamental TEM
mode. The higher order modes have been intro-
duced by the presence of the ridge and together
with the fundamental TEM mode give the field
configuration for ridged rectangular waveguide.

2) Zyand Z, are the characteristic impedances of the
parallel plate lines of heights (b-d) and b, respec-
tively.

3) ¢1and ¢, are the electrical lengths associated with
these lines.

The rectangular waveguide with a double rectangular
ridge, each of width s, is shown in Fig. 4 where d is the
spacing between the ridges. This symmetrical system
may be analyzed in the same way as the single ridge
by considering one of the half sections formed by intro-
ducing a conducting plane, as shown. The aspect ratio
of the half section is 5/2a, but the effect of the discon-
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Fig. 3. Equivalent transverse circuit of rectangular waveguide with
a single rectangular ridge at cutoff condition of the TE;, mode.

tinuity capacity C, which is a function of b/d, is un-
changed.

To determine the cutoff wavelength A, of a single or
double-ridged rectangular waveguide using the equiv-
alent circuit given in Fig. 3 or Fig. 4 we proceed as
follows.

The input voltage Viy and input current Iix at ter-
minals TT is given by the matrix equation:

Vin [ cos¢: jZysing, |[[1 O
=|7sin ¢
v | [ 222" osen ||jB 1
L £ JU
[ cos ¢pa  jZasin ¢ [0
 sin 4
J Sin ¢y o8 ¢ 1 €Y
L Z: JdL
where
B 2moC )
=0
and

v = the velocity of propagation of an EM wave in the
medium of the guide.
The cutoff condition occurs when Zix or Vin/Iix is

PYLE: TEw CUTOFF IN RIDGED RECTANGULAR WAVEGUIDE

177

T
d e e ]
R 7 b

CONDUCTING PLANE

- S
s b
J - B
- 1 o o o e
2 T
t
HALFE SECTION
T -
VIN !
1IN < S/C
2| zy
T 1

EQUIVALENT CIRCUIT AT TT

Fig. 4. Equivalent transverse circuit of rectangular waveguide with
a double rectangular ridge at cutoff condition of the TE, mode.

infinite, or when

VA
1-— —Z—2 tan ¢y tan ¢y — BZ;tan ¢, = 0. {(6)
1

The above equation is a transcendental equation in
A.. It may be solved for A, by suitably programming a
high speed digital computer. The normalized discon-
tinuity susceptance BZ; plays an important role in the
calculation of A, and will be discussed next.

1V. TeE NORMALIZED DISCONTINUITY SUSCEPTANCE

The normalized discontinuity susceptance BZ, for a
step ratio a=d/b between parallel plate lines has been
obtained by Marcuvitz [4] and is accurate to one per-
cent in the range b <A,.

Marcuvitz’'s expression contains two terms:

1) a dc term [Ti(\./4b)] which is predominant and

is given by
Ao 1 — a1 4 7
Tl— == ln[ :H: j|
4b 4o 1 -«
1
-l:a -}—ﬁ], and (7)
(23
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2) a frequency dependent term [T3(\./4b)] which is

given by
>\~ =@[2[A + A1+2C]
T4 N, A4 — C?
n [: 2b :ﬂ:l — a:]““[Sa? -1 N 4a2C:|2] ®)
Mt L1+ a 1 —a? 34
where
L= I:l + a:|2“|:1 + V(1 — (2b/AC)Z)} B 14 30®
1—a 1 — /(1 — (26/7,)%) 1 —a?
i [1 + a:r/‘xl‘l +v(Q1 -~ (Zd/ch)] 3+ o
1—a A=/~ 2d/A)Y 1 — a?

4a T2
c= [% .
1 —a?
The normalized discontinuity susceptance for a step

ratio a=d/b between two infinite parallel plate lines of

heights d and b is given by
BZy = T+ T. &)

In the analysis of ridged waveguides at cutoff it is not
possible to have two infinite parallel plate lines on either
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side of the step. When the ridge is very narrow the in-
teraction between the fringing field discontinuities
across the top of the ridge must be considered. When
the ridge is very close to the side wall of the waveguide,
then the proximity effect of the metal plate must be
considered.

A detailed account of these proximity effects and the
errors introduced by them is given in the Appendix.
For the purposes of computing design data it is sufficient
to say that (9) may be rewritten for the case of ridged
waveguides as

BZy = P(T1+ T)

w102 9]

The error in computing A,/¢ using (10) is shown in the
Appendix to be

(10)

where

P:

1) one to three percent for the worst case of a dia-
phragm ridge (s/a<1),

2) three percent for the worst case s/¢=0.9, d/b
=1/9 for the waveguide of b/a=0.45 when the
above expression for P is used.

TABLE 1
CoMPUTED VALUES OF A,/a FOR b/a=0.45 —SINGLE RIDGE
Sa Y
0.05 {0.10]0.1510.20]0.25{030]0.35]0.40/0.45]|0.50]|0.55)0.60|0.65]0.70}0.78(0.80/0.88(|0-90]055s
0.05 |5.156|4.271]3 8173 508{3.273/3.080{2.918)|2.727{2.653|2.543 | 2.445]/2.358| 2.281 [ 2.214] 2.155] 2.1C6[ 2.066 | 2.034} 2 012
0.10 |5 823 [4.643]4 0723701 {3.425|3.206{ 3 023 2.866 | 2.730 | 2.609 | 2.502| 2. 407| 2.322| 2 248]2.183[ 2. 128( 2 081 | 2 0aa | 2.007
O.18 16348 |4 942|4200(3.859 |3.551/3.309]3.110]2.940{2.794 1 2.665 | 2.550| 2 448] 2.358 | 2.278] 2 208] 2.147] 2 o6 | 2.0s4{ 2 022
0.20 | 6764 |5.181 |4 4473 965[3.6523.392|3.179{3.000{2.845|2709 | 2.589 |2 482 2.387|2.303)2 228{2.163| 2.108| 2 062} 2 026
0.25|7090]5.368|4.57714.083{3.729 |3.455 | 3.232 | 3.045]2.884[2.743| 2.619 | 2.508] 2.410| 2.322} 2.245] 2.177] 2.118| 2 069 | 2 030
0-30 |7.338 [5.509 |4 672|4.154|3.785[3.500}3.270|3.077 |2 911 | 2.767 ] 2.640| 2.527| 2 426 2.337 { 2 257| 2 18712 126 ]| 2.07s]| 2.ca3
0:35|75Is5|5605]4 736/4.199)3.8193.5273.292]3 0952 927)2.781| 2 652)|2.538)2 436]2 346]2 2652 194} 2 132]2 079 2.035
0.401762715661{4.769]4 2213.833]3 5373 299 (3.100|2931}2 785]2.656[2 5412 440|2.349]2 2602 t98] 2 135} 20822 036
0-45[7676]|5677{4773|4.218{3.827{3.530{3.291 {3 093]29242.778]2.650{2.537|2 43723472 268[2.198]2 136 |2 ce2|2.037
©.-50 {7 665]5655/4 74714 19113 801 [3.505 |3 2683.072{2.906]|2.762| 2.636 |2 526| 2 4282 390 |2 2632 .194) 2.134 ]2 ce2]2 037
05575935593 |4691|4.14113.755[3.463[3231 3.0 [2876[2736[2614]2.507{2412[2328[2259)2.186]2.130[20m]2 0%
Q.60 174605 491 |4 605|4 06636893 4043.178[2.991 |2 834]2 700 2.583]|2.480] 2 390]2 310] 2.240] 2 177| 2 123 |2 075 ]2 035
© 65 |7260}5 3464 48713.965]3.6011332713.10912 931]2.781(2.653| 2.543]|2 a46)2.362]2 287] 2 222 2 16a] 2 1:14|2 o70] 2 032
© 70 (6991 {5 157{4335]3 836]|3 49013.230|3024 |2 856]2.716]2 506} 2.494]2 a0s5| 2 327}2.259] 2 200] 2 148} 2 1032 063 ]2 029
©-78|664314 01714 145(3.678|3.384]3 1112921 |2.766{2837]2529]2 436|2.356| 2287} 2226|2 174} 2.129{ 2 089 2055]2 028
0.80|62048|46193912{3485(3190]20970(2 798 |2 660}2.545(2.449] 2.368]2299|2 240]{2.189]2.145{2.107{2 0742 04a6 |2 02:
0B85 |5652]4250|3626|3250|2992{2801 [2.653|2534a|2438[2358|2 291]2.235|2 188{2147]|2.112]{2083]12087]2 035{2.018
0-90 149463 786 {3 270]2 961{ 2751|2697 2480 (2387|2314 |2254|2.205|2.164|2 130]2 101[2077| 2057]|2 039 | 2 024 | 2.01
©.95 13.995]3.173 12 807|2.590] 2.447|2.345[2.270 | 2.213]|2.169 | 2.135| 2 07| 2085 | 2.067|2.052| 2.040] 2 029 | 2 020]2.012 | 2.00¢
n S f—
d T
T i’
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V. Tue CALCULATION OF A,

To solve the transcendental equation (6) in A, by an
iterative method for a complete range of values for s and
d at constant b/a ratio, we proceed as follows:

1) solve (6) on setting

BZ, = PTl, and

2) obtain an accurate solution, using the A\, value ob-
tained in (1) to solve (6) when

BZ2=P(T1+T2)

Values of A, have been computed on an IBM 7090
machine for

b
— values in the range 0.1 (0.1) 1.0
a

s
— values in the range 0.05 (0.05) 0.95

a

d
7 values in the range 0.05 (0.05) 0.95
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The values of A, for the double-ridged rectangular
waveguide may be obtained from the value for the half
section.

VI. Tae COMPUTED RESULTS

Computed values of A,/a {or a single rectangular ridge
in a rectangular waveguide of 4/a ratio equal to (.45
are shown in Table I.

Computed values of A,/a for a double rectangular
ridge in a rectangular waveguide of 5/a ratio equal to
0.45 are shown in Table II.

The computed value of A,/a for a single rectangular
ridge in a rectangular waveguide of any aspect ratio
may be expressed in terms of the value for 6/¢ equal to
0.45 by the expression

A Ae b )
l}—«} [—] + [H — 0.45 }F
a lpja @ 10.45 a -

where F is the correction factor and is a function of
b/a.

Computed values of F against b/a are plotted in
Figs. 5 to 13 for the following ridge parameters:

(11)

for the case of a single rectangular ridge in rectangular s/a = 0.1 (0.1) 0.9
waveguide. /b = 0.1 (0.1) 0.9.
TABLE 11
CoMPUTED VALUES OF A./¢ FOR b/a =0.45 —DouBLE RIDGE
s L =
/a 005 |0-10 0.18 020 (028 (030 /035 040|045 l050Jcs55 [0.60 065 [0.70 0.75 /080 {085 |0.90 [0.95
0.08 |4-414 | 3604 3-224 | 2.982 | 2-806 | 2 669 [2-558 | 2-465[2-386 |2 3182250 [2.208 | 2163 {2 125 |2 0922 O6d |2 041 |2 023] 2009
0-10[5212 |4.0%|355t | 323t [3005]|283212693 |2579|2482[2309[232712265|2.210{2163{2122{2087|2057(2033[2004
0.1 518582514439 (3816 |3.435 13170 | 2.908 |2807 [2 6752 564 |2 469]|2386] 2315 |2 25212 1972 149]2 108[{2073 |2 0432 1%
0.2016-30414722 |4029(3602{33043080[2.901 [2755]2 63225272 438 )2357 2288|2227 |2173[2126]2086/)2052]2023
0.25 (6678 (4963 |4 197 1373313411 3168207712820 2 0688 |257s|2477 2302 27225 J2193|2142(2 098] 2059]2.027
©-30 695 |5 139 |4325 3633|3492 1323630342 860 /2730|2611 [2509[2419 |2 3102 271 |2 209]2 155[2 +07 |2 066]2 030
©-35 717415266 4416 (390435493 28313074 2.903[2 7502637 2531 [2438]2357-{2285][2 221]/2 1642114 |2.00])2032
0-40 |7 313 52348 |4 473 [ 39473583 | 3311300729222 7762 652]|2544 24502367 ([2293]2 228|2170])2 19 |2 074]2 034
0.45 172385 |5 386 14497 13963{3-5953320{3 10429282 781 {2 856{2547 2453 {2 370]2 2962 23121732 1207]2 07s]2 035
©-50 7392 5381 14489 3953135843 310/3094/20910]2773/2 0492 5422448 |2 3662 294 (2229)2172]2 120 |2075[2035
O-55 17334 {5334 14447 13916 |3 551 [ 3280/3-068 [2.896]2-753[2 631 ]2 527 {2436 [2 356 |2 286 ]2 2232 1672 118 [2 074]2 038
©. 60721 |5243 {4-373 [3-852 34963 2323025 |2 85927202 603|> 5032416 [2 33922722 217 [2960}2 112 |2 070[2 032
0-65 17018 151006 [4-263|3760(3417| 3 163)|2965)2 806)12 675]2 564(2 469 2388 [2 316 [2 253 |2 1982148 (2 10512 068(2 O
0.70 675t |4 92t {4116 |3638[3312|{3073[2888 |2730|2 617 [2814]2 1227|2352 (2286222921792 134[2 o5 |2 0508|2028
O-7516400 |4 680 | 3927 134823 181 [ 2 96t [2 791 |2 656 |2 5462 4532 375 [2-308 |2 251 |2 2002 156 |2.117 |2 082 | 2 052 2 02
0.80 15951 [4.377 |3.693 [3.291 |3 021 | 2.825 2:676 |2:557 | 2 461 12:38212 315 {2258 |2 209 |2 167 [2 130]2.097 [2 068 |2 043]| 2 0
0-8515381 [3-998 {3403 3058 2.820) 2.66412.530 {2 442]2 3642 0022462201 |2 162 |2 129[2100]2075]|2 053 |2 033)[2 016
0-90 14 643 |3-521 |3046]2 7751 2.599 2.474]2 3091 |2 310(2 254]2 208/2 1702138 ]2 111 (2 08812 069 ]2 05t |2 036 |2 023] 2.011
©.95 13653 2899 |2595 2429|2324 2.253[2-201 [ 2.162]2.132]2 107/2.087]207m |2 057{2045]| 2 035{2 028)2 019 |2 12| 2 008
ﬁ, — s —
L L]
d
I ! A
k a >
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VII. CONCLUSION @ w \\
The cutoff wavelengths of single- or double-ridged ¥ \
rectangular waveguide of any aspect ratio have been & A
computed allowing for the discontinuity susceptance of w )
the ridge and ‘.che proximity of the ridge to the side wall o o5 5z e o 2
of the waveguide. Yo
The first-order correction curves given by Hopfer ()

have been replaced by accurate correction curves which
show quite definitely that the correction, or F factor,
is itself a function of the b/a ratio.

An analysis of the accuracy of the design tables and
graphs for the worst configurations of ridge and wave-
guide has shown that the computations may be in error
by a few percent because of proximity effects. For de-
sign purposes, where the geometry is not likely to be
critical, the tables and graphs may be used with con-
fidence.

APPENDIX
ProxmMiTy EFFECTS AND ERROR ANALYSIS

The effect of each type of proximity mentioned pre-
viously may be calculated from a relationship between
the error A(A.,/a)/N./a in normalized cutoff wavelength
and the error AC/C in the discontinuity capacity.

Alr./ @) _

cot ¢s — (b/d) tan ¢

Fig. 14. Proximity effect for narrow ridges.

Starting with the cutoff condition
BZs = cot ¢ — b/d tan ¢,

where
¢1 = 71'S/}\c
(@a—y)
by =7 ——
Ao

270

B =
Ae

Z2 = 77b

it may be shown by differentiating the expression with
respect to A, and rearranging that

AC

/@

[7(1 — s/a) cosec? ¢y + b/dms/a sec? & C

(12)

cot ¢pa — b/d tan ¢; +

Ae/a
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This is the required relationship which is a function of
the geometry (a, b, s, and d) of the ridged waveguide
cross section.

Consider the first type of proximity effect where the
ridge is very narrow and maximum interaction occurs
between the fringing field discontinuities across the top
of the ridge. The worst case given by the design graphs
is that when s/a=0.1 and b/a=1.0. Figure 14(a) shows
a plot of AQA./a)/A./a against d/b, the values being
computed from (12) using the tabulated values of A\,/a.

The maximum error in the discontinuity capacity
may be obtained from Macfarlane’s paper [6]. Mac-
farlane compared the capacity calculated for a step be-
tween infinite parallel plate lines with half of that cal-
culated for a diaphragm (i.e., s/a<K1) of the same d/b
ratio. A plot of the error AC/C against d/b for the above
case is shown in Fig. 14(b).

The error AQA./a)\./a as a function of d/b is obtained
from the corresponding values in Fig. 14(a) and Fig.
14(h); the results are plotted in Fig. 14(c). It can be
seen that for the worst case of a thin diaphragm the
error introduced into A./a is between one and three
percent.

For the second type of proximity effect where the
ridge is close to the side wall of the waveguide, it is con-
venient to consider the analysis of a 90° bend in parallel
plate line as shown in Fig. 15. Chen [7] has shown that
the corner capacity C, of a unit cube corner is given by

Ce
— = 0.558

€

where e=the permittivity of the medium of the corner.
Green [8], in an unpublished paper, has determined
the inductance L of the pi network representing the
corner, and has shown that for a unit corner the value is
um the permeability of the medium.
The accuracy of the values for the capacity and in-
ductance of the pi network are conditional upon:

1) the wavelength being large compared with the
dimensions of the corner, and

2) the corner being well removed from external in-
fluences, e.g., a short circuit.

The above conditions are met for the worst proximity
case where A, and (b-d) are large compared with d.

The cutoff wavelength of a well-formed ridge close
to the side wall of a waveguide may be determined from
an analysis of the cross section shown in Fig. 15. The
value of A, is obtained by satisfying the condition that
a short circuit at 4 transforms to an open circuit at B.
A transcendental equation in A, is obtained, and it is
known that an approximate solution is given by the
tabulated data using the coth proximity expression. For
convenience, the value of \,/a for the conditionbd/a
=0.45, s/a=0.9, and d/b=1/9 was determined and
compared with the value obtained from Table I. The
resultant error A(\,/a)/(A./a) was three percent.
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Fig. 15. Analysis of a well-formed ridge

near the side wall of waveguide.

The error [A(\./a)/(\./a)]/(AC/C) obtained from
(12) under the aforementioned conditions is 10 percent,
i.e., the error AC/C some 30 percent. It is interesting to
note that the large error in C for the side wall proximity
contributes only a small error in A,.
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